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We define a Fredholm module over a differential graded algebra A to be parity
preserving linear map c : A → L(H) for some graded Z2-graded Hilbert space
H , together with an odd self-adjoint operator Q on L(H) satisfying certain al-
gebraic and analytic conditions. In particular, for applications, it is too strong
to require c to be a representation, and also [Q,c(a)] = c(d a) need not always
hold. However, it turns out that one can still construct a cocyle Ch(Q,c) of such
a Fredholm module, which is a generalization of the famous cocycle of Jaffe,
Lesniewski and Osterwalder to the graded case; we call this the Bismut-Getzler
Chern character, since in case A is given by the differential forms on an even
dimensional spin manifold, with c the Clifford multiplication and Q the Dirac
operator, this cocycle turns out to be related to a loop space path integral con-
sidered by Bismut and Getzler. In the case of an ungraded algebra, the pairing
of the JLO-cocycle with Connes’ Chern character of a projection in A turns out
to be given by an index; this is the non-commutative index theorem by Get-
zler and Szenes. We show that in our graded situation, there is a similar theo-
rem, which involves the pairing our cocycle with the Bismut-Chern character
of a projection, the latter being constructed in a special case by Getzler, Jones
and Petrack, who were motivated by Bismut’s loop space considerations. Our
results complete an essential part of the Getzler-Jones-Petrack programme of
infinite dimensional localization in the loop space. This is joint work with Batu
Güneysu.


